Abstract: A new formalism for calculating exact non-linear multi-mode lasing states for complex resonators is applied to a conventional edge-emitting laser and a 2D random laser. Novel "composite" random lasing states are expected. c 2007 Optical Society of America OCIS codes: 350.3950, 270.3430, 140.3410 The nature of the electric field in a laser well above threshold has been a long-standing question in laser theory, complicated by the difficulty of treating exactly both the non-linear interaction and the openness of a laser cavity. Recently the authors have proposed a framework for solving this problem exactly based on the solution of a set of non-linear integral equations for the lasing modes 1, 2 and have applied it to a simple low-finesse edge-emitting laser.
The nature of the electric field in a laser well above threshold has been a long-standing question in laser theory, complicated by the difficulty of treating exactly both the non-linear interaction and the openness of a laser cavity. Recently the authors have proposed a framework for solving this problem exactly based on the solution of a set of non-linear integral equations for the lasing modes 1, 2 and have applied it to a simple low-finesse edge-emitting laser. 2 In the current short paper we describe the basic concepts of the new approach, their application to conventional lasers, and the initial stages of an application to random lasers. To our knowledge this will be the first calculation of the lasing modes of a realistic coherent feedback random laser.
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In refs. 1, 2 we considered the semiclassical Maxwell-Bloch equations in the standard rotating wave and slowly varying envelope approximations for a medium with uniform gain confined in a background (host ThC2.pdf medium) of arbitrary spatially varying index of refraction, n(x). We assumed a general multi-periodic form for the electric field e(x, t) = µ Ψ µ (x)e −iΩµt and showed that the stationary non-linear lasing modes we were looking for satisfy a set of self-consistent integral equations,
where g(Ω µ ) is the gain profile evaluated at the lasing frequency, D is the cavity domain and G is the Green function of the cavity wave equation
with purely outgoing boundary conditions and k µ = Ω µ /c is the wavevector of the lasing solution at infinity. The remaining variables are: k a = ω a /c where ω a is the atomic transition frequency, γ ⊥ is the homogeneous broadening of the gain medium, d is the dipole matrix element, andD 0 is the pump strength.
This non-hermitian outgoing cavity Green function can be expressed in a spectral representation in terms of a dual set of biorthogonal linear modes, 1 which correspond to complex-wavevector solutions inside the cavity and flux-conserving outgoing waves of wavevector k µ outside the cavity. This set is complete and can be used to express any lasing mode, Ψ µ (x) = a µ m ϕ µ m (x). We refer to these biorthogonal states as constant-flux (CF) states. Note that these states are not the resonances of the cavity, which have complex wavevectors outside the cavity and are not an appropriate set for expressing the lasing state. In ref. 1 it was shown that when the cavity has high finesse a single CF state represents the lasing mode, but in a low finesse cavity 2 we find that several CF states contribute to the lasing state, particularly far above threshold. This new method for calculating exact non-linear lasing states should be useful across the range of complex cavity lasers currently being studied: wave-chaotic microcavity lasers, 4, 5, 6 random lasers 3, 7, 8 and photonic bandgap lasers.
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The self-consistent lasing equation expressed in terms of this vector of components of the CF states, a µ , takes the rescaled form:
where {k µ whose fixed points are the lasing solutions. Note that the map of a µ depends on all the other non-zero a ν , reflecting effects of modal interactions and "spatial hole-burning" and that the non-linearity is treated exactly. Fig. 1a shows the calculation of the vectors a by iterative solution of this equation for a 1D uniform index laser. 2 We are able to find the exact linear behavior of the output intensity far above threshold and include the effects of mode competition as the thresholds for the 2nd and 3rd mode are increased by factors of 4 or more. The solution vector is dominated by three CF states, one "central pole" and the two nearest in frequency on each side (spatial "sidebands"); Fig. 1b shows that neglecting these sidebands leads to a 50% underestimate of the output power of the mode well above threshold.
A major puzzle has been how to understand the lasing modes of a random cavity in the diffusive (delocalized) regime when the linear problem has no distinct resonances (cavity finesse f is parametrically smaller than unity), yet the lasing mode has a narrow line and Poisson photon statistics well above threshold.
3, 7 Our formalism suggests that in this case g = 1/f CF states contribute almost equally to the lasing state, which thus does not correspond to any single solution of the linear wave equation, but is instead a "composite" mode. To demonstrate this we have defined the following model: a circular disk of gain material of radius R contains a dielectric material with randomly placed voids of a certain density (this is similar to the ZnO nanoparticle clusters of Ref.
3 except that we take the clusters to terminate on a circular boundary and assume gain everywhere in the cluster for convenience). The non-hermitian CF boundary condition is then expressed by the condition that at the cluster boundary the solution is continuous and may be expressed as a superposition of only outgoing Hankel functions of wavevector k µ . This calculation can be discretized and expressed as a generalized eigenvalue problem. 11 An example of a single random CF state and a typical CF spectrum are shown in Fig. 2 . It is evident that we are in the regime of fractional finesse (resonance width larger than spacing). Thus we expect lasing modes to be superpositions of many such random CF states, the "composite modes" discussed above. Currently we are solving Eq. (2) for such random CF states to test this expectation and study the statistical properties of such lasing modes, which are expected to be substantially different from those of single linear diffusive modes. 
